We construct effective two-body Hamiltonians and E2 operators for the p-shell by performing 16hΩ ab initio no-core shell model (NCSM) calculations for A=5 and A=6 nuclei and explicitly projecting the many-body Hamiltonians and E2 operator onto the 0hΩ space. We then separate the effective E2 operator into one-body and two-body contributions employing the two-body valence cluster approximation. We analyze the convergence of proton and neutron valence one-body contributions with increasing model space size and explore the role of valence two-body contributions. We show that the constructed effective E2 operator can be parametrized in terms of one-body effective charges giving a good estimate of the NCSM result for heavier p-shell nuclei.
I. INTRODUCTION
In recent years, ab initio many-body nuclear structure calculations, such as the No Core Shell Model (NCSM) and Green's Function Monte Carlo (GFMC) have significantly progressed, to realistically describe heavier and heavier nuclei [1, 2, 3, 4, 5, 6, 7] . In the last few years, these calculations have been able to reproduce observables of light atomic nuclei up to A=14. To deal with heavier nuclei (A ≥ 15), even at the current level of accessible computing power, it is unavoidable to adopt model space restrictions which have to be accompanied by proper renormalization of bare NN and NNN interactions. Significant efforts have been devoted to developing the coupled cluster theory with single and double excitations (CCSD) [8] , the importance truncation scheme [9] and to recast the ab initio NCSM approach by introducing a core and few-body valence clusters [10] . Those studies are usually focused on binding energies and nuclear excitation spectra. The electromagnetic and semileptonic operators, on the other hand, have been studied less frequently, and, less is known about their renormalization. One of the recent studies [3] , for example, shows that the long-range quadrupole operator undergoes insufficiently weak renormalization in the two-body cluster approximation. This is in contrast to short-range strong interactions and short-range operators, which are wellrenormalized, even in the two-body cluster approximation.
To explore the role of higher-body correlations for proper renormalization of the long-range E2 operator, we can use the valence cluster expansion (VCE) considered in Ref. [10] . Since the effective p-shell interactions constructed in this approximation account exactly for six- * lisetsky@physics.arizona.edu body correlations, it is also possible to construct the effective two-body E2 operator which accounts for those six-body cluster correlations. In this paper, we present a detailed study of the properties of the effective E2 operator in the NCSM formalism when projected onto a single major shell. The construction of our effective E2 operator, which acts in a 0hΩ valence space, is achieved as follows. We first performed a N maxh Ω NCSM calculation, for both 5 Li and 5 He, using the non-local CD-Bonn potential [11] . This NCSM calculation uses as input the effective interaction for 6 Li, obtained in the two-body cluster approximation. Here, N max corresponds to the total oscillator quanta (N ) above the minimum configuration and varies from 2 to 16. After a renormalization to the N max = 0 space, the resulting quadrupole moments and E2 matrix elements form the one-body part of the effective E2 operator for the p-shell. A N maxh Ω 6 Li NCSM calculation is then performed for the same range of N max , as before. After a similar renormalization to the N max = 0 space, the matrix elements of the E2 operator in this case contain both one-and two-body parts. By using the results from the 5 
Li and
5 He calculations, we are able to subtract the onebody contribution from the 6 Li E2 matrix elements and are left with the pure two-body contribution. This step is necessary, as the effective operator will contain two-body contributions, even though the bare operator does not. We are, thus, able to construct an effective E2 operator from the one-and two-body contributions as a function of N max . We demonstrate that the two-body effective E2 operator can conveniently be parametrized in terms of j-dependent one-body effective charges. These effective charges account exactly for the one-body contributions as well as averaged two-body contributions.
II. APPROACH A. No Core Shell Model formalism
The starting point of the NCSM approach is the bare, exact A-body Hamiltonian with the addition (and later subtraction) of the Harmonic Oscillator (HO) potential [1] :
where h Ω j is the one-body HO Hamiltonian
and V ij (Ω, A) is a bare NN interaction V NN ij , modified by the term introducing A-and Ω-dependent corrections to partly offset the HO potential present in h Ω j :
Another offset occurs for the center of mass (CM) part of the HO potential and the CM part of the kinetic energy operator, both present in Eq. (1), with the addition of a Lagrange constraint, Λ CM H CM , and with Λ CM chosen large and positive. Here, H CM is the HO hamiltonian in the CM coordinates. The eigenvalue problem for the exact A-body Hamiltonian (1) for A > 3 is very complicated technically, since an extremely large A-body HO basis is required to obtain converged results. The twobody cluster (2BC) approximation, consisting of solving Eq.(1) for the a = 2-body subsystem of A particles, is commonly used [1] to construct effective two-body interactions for solving the A-body problem in restricted model spaces. However, the 2BC approach does not account for 3-and higher-body correlations in the effective interaction. To include the higher-body effects into the effective shell model interaction, we have recently developed [10] the two-and three-body valence cluster (2BVC and 3BVC) approximation, which includes higher-body correlations up to 6-and 7-body, respectively. We generalize this technique in order to compute effective shell model electromagnetic operators, as described below.
B. Effective electromagnetic operators
Let us start with the assumption that we have derived a set of effective Hamiltonians H 0,Nmax A,a1
for different values of N max following the prescription given in [10] . According to the previously adopted notation, the first upper index (0) indicates that the effective Hamiltonian is constructed for the 0hΩ space ( e.g., for the p-shell). The second upper index, N max , indicates that the given effective Hamiltonian, when diagonalized in the p-shell, exactly reproduces the low-lying NCSM results obtained in the N maxh Ω space. The second lower index, a 1 , refers to the order of cluster expansion employed. Finally, the first lower index, A, specifies the mass number of the nucleus, for which this effective interaction is constructed. For simplicity we will omit all these indices below and will label the effective Hamiltonian, H J , corresponding to a subset of states with total spin, J. The eigenvectors of the effective Hamiltonian H J form the unitary transformation U J , which reduces H J in the 0hΩ space to diagonal form:
This same eigenstate matrix U J can also be used to calculate the matrix elements of other effective operators, O 
where k is the tensor rank of the operator O A,a1 (λk; JJ ′ ); and λ = E or M denotes electric or magnetic multipole radiation. The required operator mapping procedure imposed on the matrix elements of the effective operator M eff A,a1 , calculated with the eigenvectors in the 0hΩ space, is that they are identical to the matrix elements M bare A,1 of the bare one-body operator, obtained from the NCSM calculation in the large N maxh Ω space, i.e.,
where P a1 is a projector into the a 1 -body 0hΩ space. A standard NCSM procedure exists for calculating effective operators, starting from the bare operator in a large space [3] . That is, the matrix M bare A,1 is the original bare operator O bare A,1 transformed to the eigenbasis in the full N max space analogous to the one expressed in Eq. (5) . This technique has been tested in a two-body cluster approximation; however, it becomes cumbersome in the case of higher-cluster approximations. To overcome this problem, we first calculate the bare matrix elements, M bare A,1 (λk; JJ ′ ), using eigenstates obtained in the N max space. Then the matrix elements of effective operators can be determined using the inverse transformation to the one given by Eq.(5), where the M eff A,a1 (λk; JJ ′ ) matrix is replaced by the P a1 M bare A,1 (λk; JJ ′ )P a1 matrix:
according to the definition (i.e., Eq.(6)) of an effective operator. The effective O eff A,a1 (λk; JJ ′ ) operator can be represented in the standard shell model (SSM) format, using the valence cluster expansion (VCE) (similar to the VCE for the effective Hamiltonian in [10] ),
where the upper index, n, stands for n-body part of the effective operator in the a v -body valence cluster (a 1 = A c +a v ); the first lower index A, for the mass dependence; the second lower index A c +n, for the number of particles contributing to corresponding n-body part. The indices JJ ′ and λk are omitted on both sides of the equation for simplicity.
III. EFFECTIVE E2 OPERATOR FOR THE P-SHELL
As an example we consider the E2 operator (i.e., λ = E and k = 2) for nuclei in the p-shell with an s-shell core. Since the spin of the core is zero, there is no core contribution for k = 2. So the first term in the VCE, given by Eq. (8), vanishes. Taking A = 6, we find, that the two-body VCE approximation (i.e., when a 1 = A = 6, a v = 2) is exact:
where the one-body part, i.e., O 1 6,5 (E2), is determined in terms of the proton and neutron one-body matrix elements for the p-shell from the NCSM calculations for 5 Li and 5 He, respectively. To emphasize that O 1 6,5 (E2) is an one-body operator in the p-shell space, we can represent it in the second-quantization formalism, i.e.,
where the summation runs over all single-particle states considered (i.e., p 1/2 and p 3/2 ), i|O 1 6,5 (E2)|j is the matrix element for these states and a † i (a j ) is a singleparticle creation (annihilation) operator. Then the twobody part of the effective operator is calculated by
Again, to emphasize its two-body nature, we represent it in the second-quantization form:
where the one-body operator, O 1 6,5 (E2), is given by Eq. (10) . Utilizing the approach outlined in [10] , we have calculated the effective p-shell Hamiltonians for 6 Li using the 6-body Hamiltonians with N max = 2, 4, ..., 14 and hΩ = 20 MeV constructed from the CD-Bonn potential [11] . To perform NCSM calculations we have used the specialized version of the shell-model code ANTOINE [12, 13] , adapted for the NCSM [14] . The corresponding excitation energies of p-shell dominated states and the binding energy of 6 Li are shown in Fig.1 , as a function of N max .
Using the obtained wave functions for different values of N max , we have calculated the E2 matrix elements 
between the oscillator length parameter b (measured in fm) and harmonic oscillator frequencyhΩ (measured in MeV). Then, using Eq. (7), we have determined the matrix elements of the effective operator O eff 6,6 (E2), which are listed in the last column of Table I for N max = 14.
To find the one-body part, O 1 6,5 (E2), of the E2 effective operator we have performed similar NCSM calculations for 5 Li and 5 He (using the same interaction as for the 6 Li calculation) and have calculated one-body matrix elements of the effective E2 operator for protons and neutrons, respectively. These are listed in Table II for bare (N max =0) and effective (N max =12,14 and 16) E2 operator.Entries in italics represent extrapolated values as explained in the text.
Using these one-body matrix elements of the effective one-body E2 operator, O 1 6,5 (E2), we can determine the many-body matrix elements of that operator. Thus, in the considered case of two valence nucleons, one can calculate two-body reduced matrix elements (TBMEs) of the one-body E2 operator using the following formula [15] : Table I , respectively. Taking into account Eq. (9), we calculate the TBMEs of the effective two-body E2 operator
which are listed in column 9 of Table I ; J ′ , which we have determined using Eq. (7).
Analyzing the results shown in Table I , we identify three types of the TBMEs:
1. The TBMEs which have non-zero values for the bare one-body part, i.e., D 1 (bare) = 0: because in the case of the bare operator we have only the proton part contributing, this means that those TBMEs are allowed according to the one-body selection rules. The corresponding TBMEs of the effective one-body part contain proton as well as neutron contributions, if the latter is not forbidden by the one-body selection rule for neutron singleparticle orbitals. The TBMEs of the two-body part of the effective E2 operator, D 2 , always contributes constructively to the total TBMEs and is about 20%, on average, of the effective one-body part, D 1 , in magnitude.
2. The TBMEs which have zero values for the bare one-body part, i.e., D 1 (bare) = 0, but non-zero values for the effective one-body part, i.e., D 1 (eff) = 0: in this case we have transitions which are forbidden according to the one-body selection rule for the proton and, subsequently, only the neutron contributes to the effective one-body part. The corresponding two-body parts are of the same order as the effective-one-body part and, as in the previous case, contribute constructively to the total TBME.
3. The TBMEs which have zero values for both bare one-body part, i.e., D 1 (bare)= 0, and effective onebody part, i.e., D 1 (eff)= 0: this means that such transitions are forbidden according to the selection rules for both the protons and the neutrons. Thus, there is only a non-zero two-body part, which is a factor of 2-3 less than the two-body part for the allowed transitions and is about an order of magnitude smaller than the one-body part for the allowed transitions of type 1. The one-body reduced matrix elements of the effective one-body proton (ρ = π) and neutron (ρ = ν) E2 operators, O 
A. Effective quadrupole charges
To quantify the scale of the renormalization of the E2 operator, it is convenient to use the traditional concept of effective quadrupole charges. The effective charges are defined as rescaling parameters, which indicate how strongly the bare E2 operator has to be enhanced in order to reproduce E2 matrix elements calculated in the large N maxh Ω model space.
Thus, it is helpful to define the one-body effective charges for specified values of N max :
where ρ = π or ν denotes a proton or neutron, respectively. As one may note from Table II and Fig. (2) , these one-body effective charges are j-dependent and have different values for protons and neutrons. There is stronger renormalization for protons than for neutrons, as measured in the magnitude of the shift from their bare values (1 and 0, respectively). We also note that the renormalization for the nondiagonal matrix element is somewhat stronger than for the diagonal one.
To estimate the converged values of the effective charges, e eff (N max → ∞), we fit an exponential plus constant (see, e.g., Ref. [16] ) to each set of results for individual charges as a function of N max , e eff (N max ) = a exp (−cN max ) + e eff (N max → ∞). (15) The uncertainty in the extrapolating functional, assumed here as having an exponential form, should not produce errors larger than 10 %. We have included the results for N max values from 2 to 14 in the fit. The extrapolated converged values are shown in the last two columns of magnitude of the proton one-body effective charges for N max = 16 appears similar to the standard phenomenological value of 1.5. However, the average neutron effective charge is around 0.2 which is somewhat smaller than the usual phenomenological value of 0.5. The estimated values of converged proton effective charges are only about 10% larger than the corresponding N max = 16 values, while the estimated neutron converged effective charges are almost identical to the ones for N max = 16, which were not included in the exponential fit.
For the TBMEs of the effective E2 operator of type 1 and 2, one may model the two body part, D 2 , in terms of one-body matrix elements using relations similar to Eq. (13) . In the most general case we would have an additional one-body part depending not only on the quantum numbers of the single-particle orbitals involved, but also on the spin values of initial and final states, J and J ′ .
Alternately, we may introduce secondary (J and J ′ independent) effective charges e ρ 2 (2j a , 2j b ), employing the following reduction formula for the two-body part:
We determine the optimal values of the secondary effective charges, e ρ 2 (2j a , 2j b ), by performing a χ 2 minimization procedure for the following quantity
where the values of D 2 are shown in Table I and the values of D Table II . As noted above, by using Eq. (14) we have calculated the j-dependent one-body effective charges, e ρ 1 (2j a , 2j b ), as a function of increasing model-space size, as shown in Fig. 2 .
Similar to the case of the one-body E2 matrix elements, we employ the relation (15) to estimate the converged values of the secondary effective charges. We take into account the result for N max values in a range from 2 to 12. The extrapolated values for N max = 16 (in italics) are shown in Table 2 . The estimated converged values are shown in the last 2 columns.
Note that the neutron secondary effective charges renormalize weakly and tend to an estimated converged 2) (2j a , 2j b ) refers to the one-(two-) body component of the total effective charge, respectively. These results are plotted in Fig. 3 . We see that the two-body component contributes a small amount to the one-body component, although it is larger for the proton than for the neutron. The estimated converged values are shown in the last 2 columns in the Table 2 .
The secondary charges enhance the proton one-body effective charges by about 25 % and the neutron one-body effective charges by about 100 %. We see, therefore, that the neutron total effective charges are strongly renormalized by the secondary effective charges, when compared to the proton effective charges.
Finally, it should be noted that we have discussed the averaged calculated effective charges. However, particular observables may be sensitive to matrix elements, which have been averaged out when calculating secondary effective charges. In the next subsection we will examine several observables with respect to the two-body degrees of freedom of the E2 operator. Here we analyze the nature of the E2 transitions in 6 Li. There are only one-body and two-body contributions to total E2 matrix elements in the case of two valence particles in the p-shell. Thus, we may deter- mine exactly the one-body and two-body (without using secondary charges) contents of the E2 matrix elements. In Fig. 4 we show the one-and two-body contributions to the matrix element of the isoscalar transition 2
When the model space becomes large, the two-body contribution to this matrix element becomes a significant contribution. This indicates that isoscalar transitions are renormalized strongly and that higher body correlations are essential in accurately calculating the E2 operator. This is not the goal of this paper to describe the experimental data, but for this particular transition, we are able to reproduce the experimental result, within experimental error, provided that the model space is large enough. It is also interesting to estimate a converged value of this and other E2 matrix elements using an exponential plus constant fit as, we did above for the effective charges. We compare the results of the fit and available experimental data in Table III . The results presented in Table  III indicate that the extrapolated theory gives a reasonable estimate of the available experimental data, taking into account that theoretical NNN forces have not been included in this study.
In Fig. 5 we show the one-and two-body contributions to the matrix element of the isovector transition 3 small and that the total matrix element renormalizes very weakly as the model space increases. Therefore, we can see an indication that isovector transitions are not strongly-dependent on higher-body correlations. Such behavior for the isovector transitions has been noted before by the authors in [17] .
C. Role of two-body components for the quadrupole moment of 6 Li
The quadrupole moment of 6 Li is notoriously difficult to calculate in the shell-model approach. We will now present some insight as to why that may be the case. In Fig. 6 we show the one-and two-body components of the quadrupole moment as a function of increasing model space size. One can immediately draw the interesting conclusion that the one-and two-body contributions are similar in size, yet have opposite signs relative to each other. The two contributions, thus, tend to cancel each other to give a small resultant quadrupole moment. The calculation in the 14hΩ space yields a quadrupole moment Q 14hΩ [1 + (T = 0)] = −0.02971e fm 2 . We were also able to calculate the quadrupole moment in the larger, The NCSM results in the same 14hΩ space with the same frequency, hΩ = 13 MeV, but with the N3LO interaction [19] yield a slightly different value, -0.06 efm 2 . Again, our goal here is not to reproduce experiment, but to understand the physics of how other physical operators, such as the E2 operator, are renormalized due to truncation of the model space. In the above case, we conclude that the small quadrupole moment for 6 Li comes from an almost total cancellation between the one-and two-body contributions, arising from the many-body correlations in the five-and six-body clusters, respectively.
D. Applications to the standard-shell model
We now turn our attention to testing our effective E2 operator represented in terms of effective charges. In order to do this, we perform a SSM calculation of E2 transitions for 7 Li and 9 Li and compare the results to the NCSM calculations. In the SSM calculations, we use the effective E2 operator created from a NCSM 6hΩ calculation specific to the two-body valence cluster approximation for each nucleus. We will refer to these effective states, for instance, two-body contributions modeled using secondary effective charges do not correctly approximate the two-body parts of the E2 effective operator. This indicates that exact two-body E2 matrix elements have to be used in order to obtain consistent information about interference of one-and two-body contributions. Furthermore, there are higher-body correlations, which have been neglected (e.g. the 3-body effective interaction and the 3-body effective E2 matrix elements).
IV. CONCLUSION
We have constructed effective E2 operators for p-shell, which account exactly for up-to 6-body correlations in the 14hΩ space. Our results indicate that 3-and higherbody correlations strongly renormalize the E2 operators, enhancing the proton part by about 70% and the neutron part by about 40% relative to the bare proton part of the E2 operator. Using 1-body valence cluster (1BVC) and 2-body valence cluster (2BVC) approximations, we have decomposed the effective E2 operator into one-body and two-body parts, where the effective one-body part accounts for up-to 5-body correlations in the 16hΩ space and the effective two-body for residual 6-body correlations in the 14hΩ space. We have found that the proton two-body part of the effective E2 operator consti- Li using the A9 effective interaction and corresponding effective charges. The quadrupole moments are indicated by a "QJ", referring to the state with spin J. The E2 transitions are labeled by values of a spin for initial and final states. The left most column (criss-crossed filling) refers to a SSM calculation using only the one-body effective charges. The middle column (zig-zag filling) refers to a SSM calculation using the total effective charges. The right most column (solid black filling) refers to the NCSM calculation for the same transition.
tutes on average about 17% of the total proton renormalization, while the neutron two-body renormalization is about 50% of the total neutron enhancement. Furthermore, we noted that the renormalization for the one-body nondiagonal matrix element, p 3/2 ||E2||p 1/2 , is about 20% stronger than for the diagonal one, p 3/2 ||E2||p 3/2 . We have shown that the two-body part of the effective E2 operator can be accounted for reasonably well by introducing secondary effective quadrupole charges. This approximation can be used when the E2 matrix elements are on the scale of 1.0 efm 2 . However, for small matrix elements (<0.2 efm 2 ) the effective two-body part has to be calculated exactly to reproduce the considerable twobody effects. The best illustration of this effect is the case of the 6 Li ground state, when one-body and twobody contributions interfere destructively, resulting in a nearly vanishing quadrupole moment.
We have also shown that our effective E2 operators can be used to approximately calculate the quadrupole moment and E2 transitions for heavier nuclei in the SSM formalism (see for, e.g., Fig.(7) and Fig.(8) ). Such calculations are useful in predicting what a NCSM calculation for the E2 operator would yield, provided it could be carried out on a sufficiently large computer. Recall that near the center of a major shell, such as the p-shell, the number of basis states involved in performing a converged NCSM calculation would be computationally expensive. However, as we have shown, a SSM calculation is easily performed and gives a good estimate of what the NCSM result for the E2 operator would be. 
